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Abstract

In this paper, we review two popular finite difference schemes for solving the Poisson
equation in 2-D domains. First, we introduce the standard five-point discretization

scheme. An error analysis is also given to show that the accuracy of the five-point scheme

is O(h*), where h is the grid size of the spatial discretization. We then introduce a nine-

point finite difference scheme which is O(h*) accurate. Numerical experiments are

carried out to demonstrate the theoretical analysis.
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1. Introduction

In this paper, we will study finite difference approximations [3, 4, 5] to the following

Dirichlet boundary value problem for the Poisson equation:

{_Au(x’y):f(x’y)a (an/)EQ,

(1.1)
u(x,y)=g(xy), (x,y)edQ,

where Q c R” is an open bounded domain with a smooth boundary &€ . In this paper,
for simplicity, we will set Q to be the unit square, i.e., Q=(0,1)>,and g(x,y)=0 on
0Q . It is well-known that the Poisson equation is an elliptic partial differential equation
which has a wide range of applications in theoretical physics and mechanical engineering.

We will review two popular finite difference schemes [4] for solving the Poisson
problem (1.1). The first one is the standard five-point finite difference discretization. We
will also give an error analysis to show that the accuracy of the resulting difference

scheme is O(h*) in the 2- norm, where % is the grid size of the spatial discretization.

We then introduce a nine-point finite difference scheme which is fourth-order accurate
o(h*).

Below we introduce some preliminaries of the finite difference discretizations which
will be referred later. Consider a smooth real-valued function v defined on [0,1]. We
define the grid points x, =ik ,0<i<m+1, of the interval [0,1], where A=1/(m+1) is

the grid size. Let v, denote the approximationto v(x,).Assume that v e C*[0,1]. Then,

by Taylor’s theorem, we have
V() = V() +V ()G + G+ (& (12)
2 6 24
V(x,) = v(x) —V'(x,)h +%v"<x,«>h2 —%v"’(x,-w +2—14v<‘” EDN, (13)

for some &, e(x,,x,,,) and &, e(x,,,x,). Summing equations (1.2) and (1.3), we

i+1

obtain
4
V(X)) +v(x) = 2v(x;) + V"(xi)h2 + %(v(‘*) &)+ v ($i2 )) (1.4)
which implies

) = )= 2ux) 4l - D)= 2 (WG E) ()
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Now, sincev e C*[0,1]and the value %(V“”(g,,)w“‘(g,.z)) is between v¥(&,) andv?(&,),

the intermediate value theorem ensures that there exists &, between &, and ¢&,,hence

& e(x,,x,,), such that
4 1 4 4
V(&) =3(v( (E) VD (E))-

Therefore, we have the so-called second-order central difference approximation to

V”(Xi) s
V) = (05 = 20(0) +(5) - IV E). (16)

for some & €(x,,,x,,). The second-order central difference approximation (1.6) for

i-1°
v"(x,) will be used very often in the next two sections.

The remainder of this paper is organized as follows. In Section 2, we introduce the five-
point finite difference scheme, where an error analysis in the 2-norm is also given. In
Section 3, a nine-point finite difference scheme is derived. Numerical experiments are
performed in Section 4 to demonstrate the theoretical analysis. Finally, some conclusions

are made in Section 5.

2. A five-point finite difference scheme with an error analysis

We consider the 2-D Poisson equation with the homogeneous Dirichlet boundary

condition,

{_Au(x’y)zf(xay)a (an/)EQ3: (0,1)X(0,1), (21)

u(x,y)=g(x,y), (x,y)ed,

To discretize the equation, we will use the uniform Cartesian grid. Let

0=x,<x,<--<x,<x,,=1 and 0=y, <y <---<y,<y,,=1 be the uniform

m+1

partitions. Then the grid size is given by #:=1/(m+1) and x,=ih and y, = jh.
Let u, represent an approximation to u(x,y;) and f, == f(x,y;). Applying the
second-order central difference discretization (1.6) to approximate problem (2.1) at the

grid point (x;,y;), we obtain
1 1
0z (— Uy +2u —u, )+ Pl (— u o +2u -, ) =f.- (2.2)

That is,
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1
n
In other words, we have an m’ xm’ linear system of m’ unknowns u, for 1<i<m,

(_ Uiy j = Uiy U g U +4uzj)= fij : (2.3)

1< j <m.More precisely, if we employ the rowwise ordering and let

[2] [2]
u= " s u[/] u.2/ , F= f. ) f[]] = f;zj s (2'4)
u[m] m*x1 umj mx1 f[m] m*x1 f;"j mx1
and
— 4 _1 -
-1 4 -1
T= : (2.5)
1 4 -1
L -1 4_m><m

where all unspecified entries are 0. Then we have the following linear system problem:

Au=F, (2.6)
with
F g _
. -1 T -1
A=h—2 , (2.7
-1 T -1
- _] Y—Y—WIZXWI2

where A is a sparse, symmetric and nonsingular matrix. The existence of the inverse,
A", can be verified later. Solving the linear system (2.6), we obtain a finite difference
solution of (2.1).

We now give an error analysis in the 2-norm of the five-point finite difference scheme
(2.2), or equivalently, the linear system (2.6). First, the local truncation error 7, at the

grid point (x;,y;) is defined by
1
Tij :=?(_u(xi—1>yj) _u(xi+1>yj) _u(xi’yj—l)_u('xi’yjﬂ)—'_ 4u(xi’yj))_f(‘xi’yj) : (2'8)

By the Taylor expansion similar to (1.2) and (1.3), we can show that

161



R EE Fz2L-9

FINITE DIFFERENCE SCHEMES FOR THE POISSON EQUATION

1 (0% o'u
7, ::—Ehz(y xl.,yA/.)er(xi,yj)}rO(h“) (2.9)

and
Au“ =F+r, (2.10)
where u® is the exact vector with the components of the exact solution u(x,y)

evaluated at the grid points. Letting the global error ¢, :=u(x,,y;)—u; and noting that

Au =F, we obtain the error equation

Ae=r7, (2.11)
where e is the error vector with components e, . The error equation (2.11) leads to
e=Ar. (2.12)

Thus, the five-point finite difference scheme (2.2) will be globally second order accurate
in some grid function norm provided that HA’I“ is uniformly bounded as 4 — 0" (cf.

[4]).
Next, we consider the 2-norm for the discretization matrix A . By further

computations (cf. [2, 4, 5]), one can show that for p,g=1,2,---,m, the eigenvector u”*
of A hasthe m* elements,

u; ! =sin( pzih)sin(q zih)
and the corresponding eigenvalue is

Ayy = —h—zz{(cos( pah)—1)+(cos(gah)—1)}> 0.

Note that 4 =1/(m+1). Thus, the one closest to origin is A, =27 +O(h*), where we

use the Taylor expansion, cos(x)=1-x?/2!+x*/4\—... . The spectral radius of A™" is
p(A‘1)=ﬂ+’lz2;2 as h—>0", (2.13)
and then as / — 0", we have from [1] that
A7, VoA TAT = oA ) = (A =pA ) s 214)
which is uniformly bounded in /. Now, from (2.12), we have
lel, =[a~"2], < a™"] [, < Cel] - (2.15)

Notice that the 2-norm of the truncation error vector 7 , which is a 2-D grid function [4],

can be calculated by
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Il = hzZIZIf,f R*m*O(h*) = h ( ; j O(h*) = O(h*) (2.16)
=l i=

which combining with (2.15) implies
el < Cllell, = 0tr*) - (2.17)

In summary, we have proved the following theorem:
Theorem 2.1. The accuracy of the five-point finite difference scheme (2.2) is O(h*).

3. A nine-point finite difference scheme

In this section, we are going to derive a nine-point finite difference scheme with a
higher accuracy of O(h') for approximating the Poisson problem (2.1) with a

sufficiently smooth source function £ . The basic idea is similar to that in [6]. First, from

the central difference approximation (1.6), we can show that

1
oy )~ ) = (X v, ) =X,y )+ 4u(x,, )

hZ
e 'u e 'u
=—Au(x;,y; )_E ( X5 ’)_E (X,,y )+O(h*). (3.1
Adding the term 7%}12 5 26 ———(x,,»,) to the both sides of (3.1), we have
1 2 o'u
?(_u(xi—layj)_u(xma ) u(xny, D- ”(xzay;+1)+4u(xz’y )) 12 h? ayzaxz (‘xi’yj)
o'u o'u o'

:_Au(xmy ) 12 [a 4 + ayzaxz + ay4 ](xiay_/)+0(h4)
:—Au(xi,yj)—EhZAf(x,.,yj)+O(h4) (3.2)

where we have used the identity —Au = f'in  and this implies that

1

hz( (X1 — () = u(X v, ) =, p ) + 4u(x;, )
ihz o*u
12 oy’ox’

(xiﬁyj)_'_athf(xi’yj) = —Au(x[,yj)+0(h4). (3.3)

64

Applying the second-order finite difference approximation (1.6) to the term * - 26“ — (5.9
ly* ox ‘

for several times, we can obtain
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1
?(_u(xiflﬁyj)_u(xiﬂﬂyj)_u(xﬂyj—l)_u(xi?yjﬂ)+4u(xi9yj))

h2
_W(u(xi—l’yj—l) =2u(x,_,y;) +u(x,_,y;0) = 2u(x,y, ) +4u(x, y,) = 2u(x, ;)
1
P U100 0) = 20K 0,) F U Y ) )+ O ) + Ethf (X, ;)
=—Au(x,,y,)+ O(h*). (3.4)
Combining (3.4) with the Poisson equation (2.1) evaluated at the grid point (x;,y;)

leads to the following compact difference scheme:

1
- on (47”1'71,_; Fhug A A U R U g U U 20“ij)
1
:fj_EhZAf(xiayj)a (35)

which is a nine-point finite difference scheme for the Poisson problem (2.1) with local

truncation error O(h*). Finally, we remark that the term “—%thf (x,,y,)” on the right-

hand side of (3.5) can be exactly computed or approximated by the second-order central

difference approximation given in the left-hand side of (2.2).

4. Numerical experiments

In this section, we will give a numerical example to illustrate the two finite difference

schemes (2.3) and (3.5) introduced in Section 2 and Section 3, respectively. Let

Q=(0,1)x(0,1) be the unit square in R*. We consider the following homogeneous

Poisson problem:

— Au = (5cos(2mx) —1)sin(my)  inQ, @
u=0 onoQ.
Then one can check that the exact solution to problem (4.1) is given by
u(x,y) = (cos(27mx) —1)sin(zy) - 4.2)

We write MATLAB codes of the second-order five-point finite difference scheme (2.3)
and the fourth-order nine-point finite difference scheme (3.5) with A7=2",i=34,..,7,

and then estimate the orders of convergence of the schemes.
The numerical results are reported in Table 4.1 and Table 4.2, where we measure the

errors in the 1-norm, 2-norm, and co-norm [4]. From the results reported in Table 4.1
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and Table 4.2, we can find that the accuracy of the five-point finite difference scheme
(2.3) is O(h*), while the accuracy of the nine-point finite difference scheme (3.5) is

O(h*) . Numerical results confirm the theoretical analysis. The elevation plots of the exact

and numerical solutions with 2 =1/16 and A =1/32 are also depicted in Figure 4.1.

From Figure 4.1, we can observe that both schemes can produce accurate numerical

results, even on a rather coarse grid.

Table 4.1. Error behavior of the five-point finite difference scheme (2.3)

1/h ||e||1 order ||e||2 order ”e”Oc order

8 2.0066e-02 — 2.9214e-02 — 7.0623e-02 —
16 5.0037¢ -03 2.00 7.1637¢-03 2.03 1.7319¢-02 2.03
32 1.2467¢-03 2.00 1.7823e-03 2.01 4.3091e-03 2.01
64 3.1172e-04 2.00 4.4502e-04 2.00 1.0760e-03 2.00

128 7.7928e-05 2.00 1.1122e-04 2.00 2.6892¢-04 2.00

Table 4.2. Error behavior of the nine-point finite difference scheme (3.5)

1/h ||e||1 order ||e||2 order ”e”w order

8 8.6294¢-04 — 1.3042¢-03 — 3.2231e-03 —
16 5.4049¢-05 3.99 7.8982¢e-05 4.05 1.9510e-04 4.05
32 3.3774e-06 4.00 4.8972e-06 4.01 1.2097e-05 4.01
64 2.1102e-07 4.00 3.0546¢-07 4.00 7.5453e-07 4.00

128 1.3186¢-08 4.00 1.9082¢-08 4.00 4.7135e-08 4.00
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Exact solution: } = 1/16 Exact solution: % =1 /32

Figure 4.1: The exact and numerical solutions with 7 = 1/16 and } = 1/32 .
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5. Conclusions

In this paper, we have reviewed two popular finite difference schemes for solving the

Poisson equation in 2-D domains. We have introduced the standard five-point

discretization scheme. An error analysis is also given to show that the accuracy of the

five-point scheme is O(h*). We have also introduced a nine-point finite difference

scheme with a local truncation error O(h*), but the rigorous error analysis of this nine-

point scheme is not addressed in this paper. Numerical experiments have been performed

to demonstrate the orders of convergence of the schemes.
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