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SOLUTION OF LAPLACE' S EQUATION BY
MEANS OF FRACTIONAL CALCULUS

Pin-Yu Wang

Department of Mechanical Engineering
Nanya Institute of Technology
Jhongli, Taiwan

Abstract

During the past three decades or so, the widely-investigated subject of fractional
calculus (that is, calculus of derivatives and integrals of any arbitrary real or complex
order) has remarkably gained importance and popularity due chiefly to its demonstrated
applications in numerous seemingly diverse fields of science and engineering. Recently,
many problems in the physical sciences can be expressed and solved succinctly by
recourse to the fractional calculus. Various problems which arise from the physical
situation lead to certain classes of partial differential equations. The classical methods in
obtaining solutions of the boundary value problems of mathematical physics are Fourier
transform, and other integral transforms. The main object of this paper is by using the
method of Fractional Calculus to get the closed solution of various engineering
problems. That is we use the method of fractional calculus to solve the Partial
Differential Equations, such as heat equation, and Laplace’s equation.
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1. INTRODUCTION

We first introduction the definitions, lemma, and theorems of fractional calculus:
(2) Definition . (by K. Nishimoto) [12]

et D={D.0} . C-{c.C]

C be acurve along the cut joining two pointzand —eo+i Im(z) ,

C be acurve along the cut joining two pointzand co+i Im(z) ,

D be adomain surrounded by C , D beadomainsurrounded by C ,

( Here D contains the points over the curve C)

Moreover , let f = f (z) be aregular functionin D(zeD) ,

~ F(v+1)I f(¢)
2 i C(f_z)vﬂ

dé (vez ). (1)

(f), =lim(f) (mez") (1.2)

v—>—m

where -z <arg(§-z)<z for C , O<arg(¢-z)<2z for C ,

E#2 , zeC , veR , I': Gamma function,

then ( f )V is the fractional differintegration of arbitrary order v (derivatives of

order v for v >0 ,and integrals of order —v for v <0), with respecttoz, of

the function f , if ‘(f)v‘<°° .

(2) On the fractional calculus operator N* [13]

Theorem A. Let fractional calculus operator (Nishimoto’s operator) N" pe

NV:[F(V+1)I d¢

2 7i (§—z)”+lJ (veZ’) , [Refer to (1.1)] (1.3)

with
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N"=1limN" (meZ’), (1.4)

and define the binary operation - as

NZoN“f =N’N“f =N/(N“f) (&, f<R) , (1.5)

then the set
N ={N

is an Abelian product group (having continuous index v ) which has the inverse

veR| (1.6)

transform operator (N”)_1 =N"" to the fractional calculus operator N" | for the

function fsuch that f e F ={f;0#|f |<o,veR} ,where f=f(z) and

zeC .(Viz. —o<v<w).

(For our convenience , we call N” oN“ as productof N” and N%)

Theorem B. The "F.O.G.{N”}" is an “ Action product group which has

continuous index v * for the set of F(F.O.G.: Fractional calculus operator group)

(3) Lemma 1 We have [12]

()
7—c)) 2o ( _:B) 7_c)V F(“‘ﬁ) oo

O IO (Ot R
(i)

(log(z—c)) =—-e"™T(a)(z—-c) " (‘F(a)‘<oo) , (1.8)
(iii)

((z—c)“)_a _pim (a)log(z—c) (‘F(a)‘<oo), (1.9)
(iv)

2 F(a+1)
(u-v) = gmuakuk (u=u(z),v=0(z)) (1.10)
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where z=c in(1.7), (1.8)and(1.9).

2. FORMULATION

For a function u = u(z, t) of two independent variables z and t, we choose to use the
convenient notation:
o“"u
oz*ot”
to abbreviate the partial fractional differintegral of u = u(z, t) of order x with respect to
zand of order v with respecttot (u,veR).

(2.1)

P(z;p) = Zp:akzp‘k (3, #0;peN) (2.2)

Q(z;9) = Zq:bkzq"‘ (b, #0;qeN) (2.3)
. Q(s:9)

H(z; p,q)._jp(g; p)dg (ZEC\{zl, ,zp}) (2.4)

Theorem 1 [9]

Let the polynomials P(z; p) and Q(z; q) be defined by (2.2) and (2.3), respectively.
Suppose also that the function H(z; p, q) is given by (2.4). Then the linear partial
fractional differintegral equation

Do [E(vy v NI
P(Z, p)az—ﬂ“‘|:2(klpk (Z! p)+2(k _1Fk—l(z’q_1):| azﬂ*k +C azﬂ*p

k=1 k=1
ay—p+2u a,u—p+1u
= 2 TB—5 (,u,veR; p.geN)
orhPot? oz Mot (2.5)

has solutions of the form
K, (e’H(Z;p’q’”) e (A=0)

v—u+l

u(z,t) = (2.6)

Ky (e"ere) e (A=0;B20)
where K, and K, are arbitrary constants, A, B and C are given constants, and & and

n are defined by

£ BEVBTHACDA o and 5=C=0 (A0:B-0)
2A B 2.7)
with
D:=(V]p!ao (2.8)
LY
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provided that the second member of (2.6) exists in each case.
Theorem 2 [11]
The second-order linear partial differential equation:
o°u ou
(z+a)(z +ﬂ)?+[[p +2(v+1)]z+ o+(v+1)(a+ﬂ)]E+Cu(z,t)
o%u _ou

=A_+BE (ZeC\{—a,—ﬂ}; p#0; veR)

ot? (2.9)

has solutions of the form:
u(z,t) =

K, ((z +a) "M (24 )(G_pﬂ)/(ﬁ_a)) -e*(A=0)
K, ((z +a) "M (24 )TN 7“)) " (A=0;B #0)

(zeC\{-a,-B}; a#p p=0; veR) (2.10)

and
u(z,t) =

Ki((z+a)”-e7) e (A20)
Ky ((z+a) 677 ) e (A=0;B#0)

(zeC\{-a,-p}; a=p; p#0; veR) (2.11)
where K, and K, are arbitrary constants, A, B and C are given constants, and & and
n are defined by (2.7) with

D:=(v+1)(p+v)

provided that the second members of (2.10) and (2.11) exist in each case.

3. SOLUTIONS OF SECOND-ORDER LINEAR PARTIAL
DIFFERENTIAL EQUATIONS

We can solve the boundary-value problems involving Laplace’s equation by the method

of fractional calculus.
o’u 1ou 1 o4
et Tt e T
or ror r°o0

By theorem 2, let
A=-1B=0, C=0, P(r,2)=r2, Q(r,1) = pr, p+2(v+1)=1, a=p=0,
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we have
DZ(V+1)(p+V)=—(V+1)2
_-B+/B2+4(C-D)A
- 2A
1<0, | =—y—
(1) When v+1< et m v-1
y=-2,-3.- m=12,
u,(r,0)=K,(r”) -e“ where &=+ mi
(r—p) — e—izzv F(V +p) r—p—v
" T'(p)

:$|v+l|i

r(-v-1)
I(-2v-1)
r'(m)
I'(2m+1)

— iV +1

rV

-m

:(_1) m+1

So u,(r,0)=r"(C,cosm@+D,sinmg), m=12.3,

We must define C =0, D,=0, form=12,3--- in order to guarantee that the

solution u is bounded at the center of the plate (which is r =0).

(2) When v+1>0, leth=v+1

u,(r,0)=K,(r*) -e< where &=+ni
As v=-1 u, = K_l(r‘l)_1 = A, +c,Inr. We must define c,= 0 in order to guarantee
that the solution u is bounded at the center of the plate (which is r =0).

For v=0,1,2,+-, (r”) :e’i”v—r(v+’0) re

V r(p)
—izv r(—V—l) v+l
e ——~r
I'(-2v-1)
_ r'(2n) "
I'(n+1)
then Un(r@)=r"(A cosnd+B,sinnd), n=123 .
u(r,49):A)+ir”(A1cosn9+aninn9), n=123,:-

n=1

Conclusion, we use the method of fractional calculus to solve the Laplace’s equation.
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